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Abstract: Proposed Probabilistic Load Flow (PLF) approach, based on the method of 
cumulants, is used for bus voltage security assessment. The work accurately estimates the 
unknown probability distribution and density function of the involved complex random 
variables (CRV’s). With the help of these distributions a fast and accurate contingency 
ranking for security assessment is made possible. The advantage of the proposed method 
is that all possible contingencies are taken into account without complex convolutions and 
the method gives the densities and distributions of the variables in a single run. The 
method has been applied to the IEEE RTS 7-Bus test system which consists of 7 buses 
and 10 lines as well as the IEEE 24 bus system which consists of 24 buses and 38 lines. 
The information will be useful in operational decision making and ultimately help to 
improve the reliability of the power system. 
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1.   Introduction 

Greater emphasis on operational economy has resulted in highly stressed operating 
conditions and increased vulnerability in networks. As a result, control-room operators 
have to frequently take decisions maintaining a fine balance between security and 
economy. The North American Reliability Council (NERC) Planning Standards gives an 
accepted definition of security as [1]:  
“Security is the ability of the electric systems to withstand sudden disturbances such as 
electric short circuits or unanticipated loss of system elements”. 

Electric power systems are always operated with a significant security margin to 
ensure that the transmission network is capable of withstanding unpredictable events such 
as unplanned outages. Therefore, the system operator requires operating data, which is 
necessary for the fast contingency ranking for security. Consequently, as a part of a power 
system security assessment, a continuous system monitoring becomes necessary to detect 
critical situations as soon as possible. If the security margin is determined using 
deterministic criteria, the resulting degree of security may or may not he optimal 
depending on the operating conditions. While probabilistic methods have been used 
extensively in power system planning and operating, they have so far not been widely 
applied in security analysis. Because unplanned outages in power systems have stochastic 
phenomena, determining their ranking requires a probabilistic approach.  

There are comparatively fewer applications of probabilistic load flow (PLF) for 
security assessment. In [2], probabilistic methods are used for dynamic stability studies. In 
[3], a voltage collapse indicator is used to study the effects of random fluctuations at 
various load buses in a power system network. In [4] advantages offered by the PLF, 
when used for the assessment of voltage instability, are presented. An attempt to model a 
complete power system was made in [5].  Here bus voltages, line currents, line 
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admittances, generated power and bus loads are considered as complex random variables 
(CRV’s) and then power flow equations are solved in the moments’ domain. However the 
work was limited to the area of generation adequacy evaluation only. In [6] the method of 
cumulants and the Gram-Charlier expansion theory are used to compute the probabilistic 
distribution functions of transmission line flows.  However, only linear approximations of 
inputs variables are used and a D.C. load flow in the formulation of the PLF problem is 
adopted. In [7] the approach mentioned in [5] is used for the security assessment of bus 
voltages.  Both the Edgeworth type of the Gram-Charlier expansion and the Legendre 
series method for ranking of the bus voltages are compared. However, the third order 
Gram-Charlier expansion used for approximation was erroneous and resulted in inaccurate 
ranking of the bus voltages. In the proposed work, probabilistic load flow (PLF) uses the 
method of combined cumulants.  The rearranged Edgeworth expansion proposed by 
Chernozhukov, Fernandez-Val et al., [10] is utilized for more accurate estimation of the 
probability density function and cumulative distribution function of bus voltages and line 
flows. With the help of these distributions a faster and more accurate contingency ranking 
for security assessment becomes possible. 

The advantage of the proposed method is that all possible contingencies are taken into 
account without complex convolutions and provides the densities and distributions of the 
bus voltages and line flows in a single run. Also, system operator can utilize the 
information of security assessment to improve reliability of power systems using the 
proposed method in this paper.  

The paper is organized as follows. Section 2 gives the theoretical background and the 
proposed method.  Section 3 gives a case study using the IEEE RTS 7 Bus test system, 
while Section 4 gives the concluding remarks. 

2.    Methodology 

2.1  Calculation of the PLF using Moments and Cumulants 

The moments and cumulants of the admittance matrix 𝑌𝐵𝑈𝑆 are calculated using 
transmission line data.  Similarly, cumulants of bus voltages Vi and injected powers Si at 
buses are calculated. 
                                           𝑘𝑡(𝑆𝑖) = 𝑘𝑡(𝑆𝐺) − 𝑘𝑡(𝑆𝐷)                                                           (1) 

For a P-Q bus, the moments of bus voltages are calculated iteratively such that the 
(𝑢 + 1)𝑡ℎ iteration gives the moment of voltage at bus ‘i’ as, 

                  𝑚𝑡(𝑉𝑖
(𝑢+1)) =

𝑚𝑡��
𝑃𝑖−𝑗𝑄𝑖
𝑉𝑖

(𝑢)∗ �−∑ 𝑌𝑘𝑖
𝑘−𝑖
𝑖=1 𝑉𝑖

(𝑢+1)−∑ 𝑌𝑘𝑖
𝑛
𝑖=𝑘+1 𝑉𝑖

(𝑢)�

[𝑚𝑡(𝑌𝑖𝑖)]
                                    (2) 

The iterative process is continued till the change in magnitude of bus voltage, |𝛥𝑉𝑖
(𝑢+1)| 

between two consecutive iterations is less than a certain tolerance 𝜀 = 10−6  for all bus 
voltages. For a P-V bus, if reactive power constraints are satisfied, moments of bus 
voltage are calculated accordingly. The line flows are calculated with the final bus 
voltages and the given line admittances and line charging using equation given below:  
                        𝑚𝑡  �𝑃𝑖𝑘  –  𝑗𝑄𝑖𝑘� =  𝑚𝑡  �𝑉𝑖∗�𝑉𝑖– 𝑉𝑘�𝑦𝑖𝑘  +  𝑉𝑖∗ 𝑉𝑖�𝑦𝑖𝑘                         (3) 

2.2   Edgeworth’s Gram-Charlier Expansion 

For any random variable ξ with an unknown distribution and finite moments, if  μ denotes 
the mean value and σ the standard deviation then using the standardized RV, 𝑍 =  (𝜉 −
 𝜇) / 𝜎 , the PDF denoted by 𝑓 (𝑧), and CDF denoted by 𝐹(𝑧) can be given as [6], 
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𝑓 (𝑧)  =  𝜑(𝑧) + 𝑐1 𝜑′(𝑧)/1! + 𝑐2 𝜑"(𝑧)/2! + 𝑐3 𝜑(3)(𝑧)/3! + 𝑐4𝜑(4)(𝑧)/4!  + ⋯       (4) 
𝐹(𝑧) = 𝛷(𝑧) + 𝑐1 𝛷′(𝑧)/1! + 𝑐2 𝛷"(𝑧)/2! + 𝑐3 𝛷(3)(𝑧)/3! + 𝑐4 𝛷(4)(𝑧)/4! + ⋯        (5) 

𝜑(𝑧) and Φ(𝑧) represent the PDF and CDF of the normal distribution with mean 𝜇 =  0 
and standard deviation 𝜎 = 1. 

The constant coefficients are given in terms of central moments as,   
𝑐1  = 0; 𝑐2  =  0;  𝑐3 = −𝛽3

𝜎3
 ;  𝑐4 = 𝛽4

𝜎4
–  3; 𝑐5 = −𝛽5

𝜎5
+ 10 𝛽3

 𝜎3
; 𝑐6 = 𝛽6

𝜎6
– 15 𝛽4

𝜎4
+ 30    (6) 

where, 
 𝛽3 = 𝑘3 ;  𝛽4 = 𝑘4 + 3𝑘22 ;  𝛽5 = 𝑘5 + 10𝑘2𝑘3;  𝛽6 = 𝑘6 + 15𝑘2𝑘4 + 10𝑘32 + 15𝑘23     (7) 
Using (6) and (7) the PDF and CDF can be expressed by the Gram-Charlier expansion as, 

𝑓(𝑧) = 𝜑(𝑧)– 𝐺1𝜑(3)(𝑧)
6

+ 𝐺2𝜑(4)(𝑧)
24

– G3𝜑(5)(𝑧)
120

+ �𝐺4+10G1
2�𝜑(6)(𝑧)

720
…                                          (8) 

𝐹(𝑧) = 𝛷(𝑧) − 𝐺1𝛷(3)(𝑧)
6

+ 𝐺2𝛷(4)(𝑧)
24

– 𝐺3 𝛷(5)(𝑧)
120

 + �𝐺4+10𝐺1
2�𝛷(6)(𝑧)

720
…                                     (9) 

where,  𝜑 (𝑧)  = 1
√2𝜋

 𝑒−𝑧2/2 and 𝜑(𝑖)(𝑧)  =  𝑑𝑖𝜑 (𝑧) /𝑑𝑖𝑧    
The parameters 𝐺1 and 𝐺2 determine the skewness and peakedness of the distribution. 

These are defined in terms of the cumulants of the RV, ξ as follows, 
G1 = k3(Z)  =  k3(ξ)/ [k2(ξ)]3/2           G2 =  k4(Z)  

= k3(ξ)/ [k2(ξ)]2                                        
 G3 = k5(Z)  = k3(ξ)/ [k2(ξ)]5/2            G4 = k6(Z)  =  k3(ξ)/ [k2(ξ)]3                        (10) 

The mean and variance of ξ are expressed as, 𝑘1(𝜉) = 𝜇 and 𝑘2(𝜉) = 𝜎2.   
Using Hermite polynomials, the rearranged Edgeworth series [10] to restore the 

monotonicity of the approximations and more importantly improve the approximation of 
the unknown distribution. Then the equations (8) and (9) can be expressed as, 
 𝑓(𝑧) = 𝜑(𝑧){1 + 𝐺1(𝑧3 − 3𝑧)/6 + 𝐺2(𝑧4 − 6𝑧2 + 3)/24                                                        
                                              +𝐺12(𝑧6 − 15𝑧4 + 45𝑧2 − 15)/72} …                                    (11) 
 𝐹(𝑧) = Φ(𝑧)  +  𝜑(𝑧){𝐺1(𝑧2 − 1)/6 + 𝐺2 (𝑧3 − 3𝑧)/24  
                                              + 𝐺12(𝑧5 − 10𝑧3 + 15𝑧)/72} …                                             (12) 
The PLF algorithm thus progresses as follows: 
Step1. Given the probabilistic description of generation, transmission lines and load, 

calculate the moments and then cumulants of all line parameters using (iv)-(vi) and 
injected power Si and iterations of voltage Vi using equations (1) and (2) assuming 
that V and S, are independent CRV’s. 

Step2. Compute the moments and cumulants of all line flows using (3).  
Step3. Calculate the Gram-Charlier expansion coefficients G1, G2, G3 and G4 using (10). 
Step4. The PDF, CDF of bus voltages and line flows can then be obtained using (11), (12) 

and plotted.  

3.   Case Studies 

The IEEE RTS 7-Bus test system given in Fig. 1(a) is used to assess bus voltages security 
and line flow overload using the proposed PLF algorithm.  

The historical failure data of each bus and transmission line are as shown in Table 1 
and  Table 2 respectively while bus 4 having constant availability is assumed as the Slack 
bus in the test system [7]. Table 3 shows the cumulants of bus voltages for the system 
calculated by mentioned method. 
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Figure 1(a):  Single Line Diagram of the RTS 
7-bus Test System 

Figure 1(b): Single Line Diagram of the IEEE 
24-bus System 

 
 
 
 
 
 
 
 
 
 
 

Table 2: Branch Data for the IEEE RTS 7-Bus System 

Branch From 
p-bus 

To 
q-bus 

Impedance 
Zpq    (pu) 

Ln.ch. adm. 
B/2 (pu) pi qi 

Rating 
MVA 

1 1 2 0.02 + j 0.06 0.01 0.85 0.15 170 
2 1 3 0.06 + j 0.24 0.02 0.86 0.14 130 
3 2 3 0.04 + j 0.18 0.02 0.95 0.05 130 
4 2 4 0.06 + j 0.18 0.03 0.83 0.17 100 
5 2 5 0.04 + j 0.12 0.02 0.87 0.13 100 
6 2 6 0.03 + j 0.06 0.02 0.93 0.07 160 
7 3 4 0.01 + j 0.03 0.01 0.87 0.13 200 
8 4 5 0.08 + j 0.24 0.06 0.92 0.08 100 
9 6 7 0.04 + j 0.12 0.08 0.89 0.11 160 
10 7 5 0.02 + j 0.06 0.02 0.88 0.12 120 

 

 
The cumulants are calculated from the moments of each bus voltage and line flow. The 
rearranged Edgeworth series is then used to approximate the PDF and CDF of the bus 
voltages and line flows. The coefficients of this series are expressed as functions of the 
Hermite polynomials. Fig. 2 and 3 shows PDF and CDF of bus voltages.   When the range 
of bus voltages by system operator is determined to be secure within a particular range of 
operation taken here as 0.98 pu - 1.04 pu, the probability of each bus voltage operating 
within this  security limit is  are shown in Table 4. 

Table 1: Bus Parameters for the IEEE RTS 7-Bus System 
Bus Voltage 

(p.u.) 
Load 

(MVA) 
Generation 

(MVA) 
Type pi 

1 1.01 + j 0 - 200 - j 20 PV 0.91 
2 1 + j 0 40 + j 20 100 - j 25 PV 0.88 
3 1 + j 0 300 + j 50 - PQ 0.96 
4 1.02 + j 0 80 + j30 125.67-

j187.24 
Slack 1.00 

5 1 + j 0 130 + j 40 - PQ 0.89 
6 1.05 + j 0 200 + j 40 370+j116.7 PV 0.87 
7 0.98 + j 0 200 + j 80 181+ j 60 PV 0.89 
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Table 3:  Cumulants of Bus Voltages for the RTS 7-Bus System 
1st Cumulant 2nd Cumulant 3rd Cumulant 4th Cumulant 
1.281+ j0.041 -0.988 -j0.008 1.504 +j0.081 -4.119 -j0.282 
1.247- j0.010 -0.401 -j0.015 0.332 +j0.026 -0.432 -j0.054 
1.059 -j0.082 -0.593 -j0.003 0.409 -j0.015 -0.959 +j 0.013 

1 0 0 0 
1.222 -j0.101 -0.661+j0.081 0.851 -j0.174 -1.798 +j 0.502 
1.305 -j0.013 -0.859+j0.011 1.095+j0.030 -2.511 -j0.175 
1.256 -j0.089 -0.847+j0.114 1.220 -j0.242 -2.819 +j0.801 

 

  
Figure 2: PDF of Bus Voltages using  
Edgeworth Expansion 

Figure 3: CDF of Bus Voltages using 
Edgeworth Expansion 

The Table 4 also gives the ranking based on probability from lowest to highest value, 
calculated by proposed method as against that calculated in [7]. The probabilities of 
operating bus voltages, as given in column 2; Table 4 can be used as indices for the fast 
contingency ranking for security assessment.  Again, since the bus voltage levels depend 
mainly on the reactive power production of the generators and failure rates by unplanned 
outage, the proposed method provides a good measure of the severity of abnormal 
voltages as. Fig. 4 shows the CDFs of the 10 different line flows of the RTS 7-Bus Test 
system. 

Table 4: Worst Case Ranking of Probabilities of Bus Voltages 

Ranking of 
probability 
(voltage 
within limits) 

Voltage being  within 
limits by  rearranged 
Edgeworth expansion 

Rank by Kim 
et al., (2004) 
using G-C 
expansion 

Rank by Kim et al., 
(2004) using Legendre 

Series 

Calculated bus 
unavailability 
considering 
line 
probabilities 

Prob. Bus Bus No Bus No Prob. Bus 
1 0.0277 1 3 1 0.021000 1 
2 0.0292 6 1 2 0.013200 7 
3 0.0293 7 2 6 0.007700 6 
4 0.0325 5 5 5 0.001248 5 
5 0.0342 3 6 7 0.000910 3 
6 0.0423 2 7 3 0.000012 2 
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Figure 4: CDF of line flows of RTS-7 bus 10 Lines 

In addition to this, the procedure provides an indication for the lines which may 
exceed the overloading limits so that adequate corrective measures can be taken to ensure 
that system stability does not get affected by unforeseen outages. Table 5 shows that the 
lines 2-4, 3-4, and 7-5 are prone to instability due to over-loading. 

Table 5: Comparison of Mean Flows with their Emergency Overload Ratings 
Mean 
Flow 

MVA MW      MVAR Mean 
Flow 

MW      MVAR Rating 
MVA 

1- 2 106. 715 102.93      28.17 2 - 1 -101. 10     -30. 74 170 
1- 3 98. 417 76.09       -62.42 3 - 1 -71. 28        48. 15 130 
2 -3 124. 274 75.37       -98.81 3 - 2 -70. 72        82. 85 130 
2- 4 103. 769 40.38       -95.59 4 - 2 -34. 59        85.56 100 
2- 5 76. 985 76.57          7.98 5 - 2 -74. 70        -7. 87 100 
2- 6 124.692 -45.79     115.98 6 - 2 49. 09       -116.44 160 
3- 4 203. 148 -162.02  -122.55 4 - 3 166. 59      110. 86 200 
4- 5 77. 441 4.84           77.29 5 - 4 -0. 39         -76. 20 100 
6- 7 72. 593 71.14         14.45 7 - 6 -69.75           7. 02 160 
7- 5 124. 555 61.24      -108.46 5 - 7 -58. 90       107.41 120 

The proposed method has also been applied to the IEEE- 24 Bus system having 38 lines. 
Figure 1(b) shows this system.  

The historical failure data of each bus and transmission line are used to calculate the 
moments and cumulants of each bus voltage. Then using the rearranged Edgeworth’s G-C 
series the PDF and CDF of all the bus voltages are plotted as shown in Fig. 6 and 7. Bus 
13 having constant availability is assumed as the Slack bus in the test system [11]. 
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Figure 6: PDF of Bus Voltages of IEEE 24 Bus 
38 Lines System 

Figure 7: CDF of Bus Voltages of IEEE 24 
Bus 38 Lines System 

4. Conclusions 

The bus voltages in a power system are required to be maintained within a range such that 
they satisfy the requirements of electric customers while the system remains stable.  The 
proposed PLF method transforms the load flow problem from deterministic to 
probabilistic formulation giving engineers the ability to appraise the system in a much 
wider sense.  The method has a more realistic representation of the load flow problem due 
to use of method of cumulants with complex random variables. The results obtained by 
the approach defines the range of variation of load flow output quantities i.e., active and 
reactive power, bus voltages and line flows for security assessment of bulk power 
systems. The use of the first four cumulants in the rearranged Edgeworth expansion gives 
a good approximation to the entire CDF curve. 
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Appendix 
Complex Random Variable (CRV) 

The moment-generating function of a random variable is by definition [8] the integral,      

                                         𝑀 (𝑡) = ∫ 𝑓(𝑥)∞
−∞ 𝑒𝑡𝑥  𝑑𝑥                                                                                                  (i)  

where,  f(x) is the PDF of a random variable X.  It is well known that if all moments are finite, the moment-
generating function assumes a Maclaurin series expansion   
                                        𝑀 (𝑡) =  𝛴𝑛=0

∞  𝑚𝑛  𝑡𝑛 /𝑛!                                                                                                  (ii)                                                                      
where, the raw moments are, 
            𝑚𝑛 = ∫−∞

∞  𝑓(𝑥)𝑑𝑥                                                                                                             (iii)  
For the discrete PDF of a CRV given in Fig 1, the tth moment mt is given by,   

                                    𝑚𝑡 = 𝑬 [𝑍𝑡] = 𝜮  𝑖=1
𝑛 𝑍𝑖𝑡𝑝𝑖                             𝑡 = 1, 2, 3 …                                           (iv)                     

where, 𝑍𝑖 is a CRV, and pi its probability mass. The cumulants are linear combinations of the statistical moments 
about an arbitrary point.  Two important properties of moments and cumulants are used for the addition and 
product of independent CRV’s. In general [9], 

                                       𝑚𝑡 ( ∏𝒁𝒊𝒊=𝟏
𝒏  )  =  ∏(𝒎𝒕𝒊=𝟏

𝒏 (𝑍𝑖  ))              𝑡 =  1,2,3 . . .                                            (v)   
and 

                                    𝑘𝑡 ( 𝜮𝒊=𝟏
𝒏  𝑍𝑖  ) = 𝜮𝒊=𝟏

𝒏  �𝑘𝑡 (𝑍𝑖)�                  𝑡 =  1,2,3 …                                            (vi)  

 
 
Purobi Patowary received her M. Tech. degree in Power Systems from 
IIT Kharagpur from the Department of Electrical Engineering in 2002 and 
her B.E. (Hons.) in Electrical from Assam Engineering College in 1991. 
She serves as a faculty of Electrical and Instrumentation Engineering of 
Assam Engineering College, Guwahati. She is currently a research scholar 
in the REC, IIT Kharagpur.  
 
Neeraj Kumar Goyal received his Ph.D. in Reliability Engineering in 
2006 from Reliability Engineering Centre of IIT Kharagpur, India. He 
received the Bachelor of Engineering (HONS) degree in Electronics and 
Communications Engineering from MREC Jaipur, Rajasthan, India in 
2000. He is currently Assistant Professor in Reliability Engineering Centre, 
Indian Institute of Technology, Kharagpur, India. He is providing 
consultancy services to national defense and nuclear power organizations 
in the area of reliability and safety engineering.   


	2.2   Edgeworth’s Gram-Charlier Expansion

